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ABSTRACT: Hyperbranched polymers (HBPs) formed by a self-condensing vinyl polymerization (SCVP)
of copolymerization of AB* monomers slowly added into trifunctional C3* cores under various feed rates
were investigated by a kinetic model. The dependences of average molecular weight, polydispersity, degree
of branching, and number of structural units of the hyperbranched polymers on the feed rate were
calculated by a generating function method. It was found that the final polydispersity index (PDI) can be
attained below 1.5 by a slow addition of AB* at a feed rate parameter, φ, less than 2. While the AB*
monomers fed quickly, the system with a lower content of the C3* cores results in a broader molecular
weight distribution. A high degree of branching, about 0.66, can be achieved by addition of AB* monomers
into a small amount of C3* cores at φ lower than 10.

Introduction
Synthesis of polymers with novel architectures has

become a major research interest. Because dendimers
and hyperbranched polymers exhibit very different
characteristic features from those of the linear polymers,
such as relatively low viscosity, high solubility, and
having a large amount of pending or peripheral or side
functional groups.1-7 Therefore, many potential appli-
cationsstougheners, molecular sensors, rheology modi-
fiers, drug delivery system, nonlinear optical (NLO)
materials, macromolecular building blocks, and nano-
technologysall have been suggested.8-10

The hyperbranched polymers (HBPs) have a less
regular structure than the dendrimers. However, com-
pared with the complicated and expensive procedures
for the synthesis of dendrimers, they can be prepared
by a simpler one-pot polycondensation of ABg-type
monomers in which g is greater than one.11

Frechet et al. reported that HBPs can be prepared
by a self-condensing vinyl polymerization (SCVP).12 It
involves AB* monomer, such as p-(chloromethyl)-
styrene, consisting a vinyl group A and an initiating
group B*.13-17 The chain reactions is the active B*
reacting with the double bond A of another monomer;
then a dimer is formed with one group A and two active
groups: B* and A*. The new active center A* converted
from the group A by reacting with B* can also react with
the double bond of any other molecules and form a
branch point on the resulting larger molecule. Conse-
quently, the hyperbranched polymers can be synthe-
sized under further polymerization. Recently, self-
condensing vinyl polymerization has been further applied
to various types of living/controlled polymerization, such
as nitroxide-mediated radical polymerization, atom
transfer radical polymerization, group transfer polym-
erization, and ring-opening polymerization.3,18-21

Unfortunately, according to the experimental results
and theory calculations, the molecular weight distribu-

tion, MWD, of the hyperbranched polymers via the self-
condensing vinyl polymerization is extremely broad at
high conversion, and the maximum degree of branching,
DB, is only about 0.5.13,14 It was reported that the
polydispersity index (PDI) of the final products can be
reduced by reacting AB* monomers with a little mul-
tifunctional cores, but the DB decreases with increasing
of cores. In previous modeling calculation, by adding the
cores with higher reactivity, the PDI of HBPs can be
further reduced, and the DB can be kept at about 0.46.22

Muller and co-workers also reported that the DB of
HBPs made by SCVP is increased up to 0.67 by using
multifunctional cores and adding monomers slow enough
so that the monomer molecules only reacted with the
cores.15 In their calculation, the feed rate of AB*
monomers is exponentially increased in time such that
the monomer concentration is constant, and the reaction
between monomers AB* is neglected. It was found that,
at a low amount of cores, the PDI of HBPs is indepen-
dent of the particular form of the feed rate.

In a practical semibatch polymerization process, the
reactor is often operated at a certain constant feed rate.
Therefore, it is necessary to investigate the dependence
of the feed rate on the structure parameters of the
hyperbranched polymers. In a previous work, we found
that both of the DB and PDI of the HBPs can be changed
by the feed rate of AB2 monomers into multifunctional
cores.23 In this study, the generating function method
will be further applied to the self-condensing vinyl
polymerization of multifunctional C3* cores with AB*
monomers in a semibatch reactor. This kinetic model
will be adopted to investigate the dependence of the feed
rate on the structure parameters, such as molecular
weight, polydispersity, and degree of branching of the
hyperbranched polymers.

Kinetic Model of Self-Condensing Vinyl
Polymerization of Monomers AB* with
Multifunctional Cores C3*

The self-condensing vinyl polymerization (SCVP)
involves monomers AB* with core C3*, of which active

† National Taipei University of Technology.
‡ National Taiwan University.
* Corresponding author: E-mail: gordon@ntut.edu.tw.

8252 Macromolecules 2005, 38, 8252-8257

10.1021/ma050640s CCC: $30.25 © 2005 American Chemical Society
Published on Web 09/01/2005



group B* and C* can initiate the polymerization of vinyl
group, A; then the A become a new active group, A*.
The B* and C3* are converted into “b” and “c” product
groups, respectively:22

Furthermore, the group A* can also react with vinyl
group A and becomes a group “a”:

where kAB*, kAC*, and kAA* are the reaction rate con-
stants and kAB* ) kAC* ) kAA*.

Although the effects of intramolecular cyclization on
the structures of the hyperbranched polymers are
important for nonlinear polymerization systems, which
were discussed before,24-26 in this study, we focus on
the effect of the feed rate of monomers on the structure
of polymers and assume that the reaction is bimolecular;
that is, there are no cyclization occurs during polymer-
ization.22,23

First, a vector E is defined to characterize the
molecule 〈E〉:

where eJ represents the number of structural units,
G(J), on a molecule 〈E〉, and ew, equal to e11, is the
molecular weight of the molecule 〈E〉. In this study, both
of the molecular weights of monomers AB* and C3* are
set to be one. The reactions between molecules are

where 〈E′ + E′′ + Li〉 is the molecule formed by
combining 〈E′〉 with 〈E′′〉 in the ith reaction, and

in which δ(bij,J) is Kronecker delta such that

and

The corresponding parameters, bij, J, and ki, in eqs 5
and 6 are shown in Table 1, and the reactions between
various structural units or isomers are described in the
Appendix. A dimensionless number of isomers, a ratio
of the reaction rate constant, and a scaled time are
defined as follows

where N(E) is the number of isomers of the molecule
〈E〉; N0 and V0 are the initial number and volume of core

C3*, respectively. k0 is the arbitrary reference rate
constant, and t is the reaction time.

For a constant-density reaction system in which AB*
monomers are slowly added at molar rate FAB* to a
reactor containing cores C3*. A mole balance on AB*
yields

where rAB* is reaction rate of AB* and V(t) is the reaction
volume. Substituting the rate law in eq 7 gives

For the reactor is being filled, the volume, V, varies
with time. Assuming the specified volume of the AB*,
vAB*, is the same as that of the C3*, thus the V(t) can be
rewritten as

where the feed rate parameter φ ) FAB*V0/N0
2k0.

Therefore, eq 8 becomes

According to eq 5, a mole balance on the other isomer
〈E〉 is shown as follows:

A + B*98
kAB*

A* + b (1)

A + C*98
kAC*

A* + c (2)

A + A*98
kAA*

A* + a (3)

E ) (e1, e2, e3, e4, e5, e6, e7, e8, e9, e10, ew) (4)

〈E′〉 + 〈E′′〉 98
ki

〈E′ + E′′ + Li〉, i ) 1, 2, ..., 16 (5)

Li ) (l1, l2, ..., l10, 0)

lJ ) -δ(bi1,J) - δ(bi2,J) + δ(bi3,J) + δ(bi4,J),
J ) l, 2, ..., 10 (6)

δ(bij,J) ) 1, for bij ) J

δ(bij,J) ) 0, for bij * J

[E] ) N(E)/N0

ki′ ) ki/k0

τ ) tk0(N0/V0)

Table 1. Parameters of bij and ki

dNAB*/dt ) FAB* + V(t)rAB* (7)

N0
d[AB*]

dt
) FAB* +

N0
2

V(t)
{-kAB*[AB*][AB*] -

kAB*[AB*][A*B*] - kAB*[AB*][aB*] -
kAA*[AB*][A*B*] - kAA*[AB*][A*b] -
3kAC*[AB*][C3*] - 2kAC*[AB*][C2*c] -

kAC*[AB*][C*c2] - kAB*[Ab][AB*]} (8)

V(t) ) V0 + FAB*vAB*t ) V0 + FAB*

V0

N0
t ) V0(1 + φτ)

(9)

d[AB*]
dτ

) φ + 1
1 + φτ

{-k1′[AB*][AB*] -

k2′[AB*][A*B*] - k3′[AB*][aB*] - k4′[AB*][A*B*] -
k5′[AB*][A*b] - k11′[AB*][C3*] - k12′[AB*][C2*c] -

k13′[AB*][C*c2] - k6′[Ab][AB*]} (10)

d[E]

dτ
)

1

1 + φτ
∑
i)1

16

ki′{ ∑
E′+E′′+Li)E

([E′][E′′]p′i1p′′i2) -

[E]pi1 ∑
all E′

[E′]p′i2 - [E]pi2 ∑
all E′

[E′]p′i1} (11)
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and ∑all E denotes the sum over all possible values of
vector E, and pij ) eJ for bij ) J as shown in eqs 4-6
and Table 1. For example, a molecule 〈E〉 can be formed
by a combination of molecules 〈E′〉 and 〈E′′〉 through the
reaction mechanism 2 indicated in the Appendix; then
i ) 2, b21 ) 1, and p′21 ) e1; b22 ) 3, and p′′22 ) e3. Note
that e1 and e3 denote the number of structural units G(1)
in molecule 〈E′〉 and G(3) in 〈E′′〉, respectively, and the
reaction rate is proportional to the product of the G(1)
concentration, [E′]p′21, and G(3) concentration, [E′′]p′′22.
The positive terms on the right side of eq 11 give the
total generation rates of isomer 〈E〉 formed from two
smaller molecules, 〈E′〉 and 〈E′′〉, through possible mech-
anisms and combinations. And the negative terms
denote the disappearance rates of the isomer 〈E〉, which
reacted with other molecule, 〈E′〉, and becomes a larger
one.

Equations 10 and 11 cannot be solved directly, but it
can be transformed into finite ordinary differential
equations using a generating function.27 First, eqs 10
and 11 were multiplied by dummy variables and summed
over E to yield a rate equation of the generation
function. Furthermore, the zero, first, and second mo-
ment of the molecular weight distribution (MWD) and
the concentration of units of hyperbranched polymers
were related to the generating function. Finally, the
profiles of the average molecular weights of HBPs and
the fractions of the structural units were calculated
on the basis of the set of ordinary differential equa-
tions. The algorithm was described in the previous
papers.23,28

Results and Discussion

In the self-condensing vinyl polymerization of mono-
mers AB* with core C3*, the relationship between
the final number-average degree of polymerization
(DP) and the monomer ratio can be derived as
follows:22,23

where λ ) N0/Nf(AB*) and Nf(AB*) is the final number
of monomers AB* added in to the reactor; N0 is the
initial number of core C3*. In the self-condensing vinyl
polymerization, once a group of “A” has reacted, the total
number of molecules will be reduced by one. Therefore,
at full conversion of group A, the number of molecules
equals the initial number of core C3*. Accordingly, the
final number-average molecular weight of HBPs can be
controlled by adding various ratios of core monomers,
and it increases with the number of the added AB*.

The influences of the parameter of feed rate of
monomers AB*, φ, on polydispersity index (PDI) at
different ratios of cores, λ, are plotted in Figures 1-3.
In the case of λ ) 0.01, Figure 3, at a low feed rate, for
example φ ) 0.1, the PDI increases with the degree of
the polymerization and then reaches a limiting value,

about 1.47. After stopping the feed of AB* monomers,
the DPI is further reduced to 1.34 at the complete
consumption of A* groups. On the other hand, when the
AB* monomers were added quickly, for example φ )
1000, the profile of the PDI is close to the result of the
batch system, in which the AB* monomers and C3*
cores were fed into a reactor at the same time. It is
obvious that the higher feed rate causes the boarder
distribution of molecular weight of the hyperbranched
polymers.

There are two types of the growing molecules in the
SCVP of AB* monomers with C3* cores. The first one is
the molecule with a focal unit Ab∼. It is easy to combine
two large molecules into an even larger one, which then
leads to a broad molecular weight distribution. Another
type includes a reacted core unit on the molecule.
Because the molecules containing the core unit have no
reactive group A∼, they cannot be combined with each

Figure 1. Dependence of the polydispersity on degree of
polymerization at various feed rates (λ ) 0.1).

Figure 2. Dependence of the polydispersity on degree of
polymerization at various feed rates (λ ) 0.01).

DPn )
total no. of monomers added into reactor

total no. of molecules at full conversion of group A

)
Nf(AB*) + N0

Nf(AB*) + N0 - Nf(AB*)

) 1 + 1
λ

(12)
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other to form a larger one. While the AB* monomers is
fed slowly into the reactor, for the system with λ ) 0.01,
the probabilities of the formation of the focal units
A-b∼ become low, but dendritic units c3 increase as
shown in Figures 4 and 5. Therefore, under slow feeding,
such as φ ) 1 or 0.1, the major growth of the hyper-
branched polymers is contributed to the combinations
of the molecule having a core unit with AB* monomer
added gradually; thus, the PDI is kept at a low
value.

However, with a higher adding rate of AB*, φ ) 10
in Figures 2 and 6, the initial growth of the weight-
average DP is quicker than that of the batch system.
At φ ) 10, the probability is high for the combination
of the molecule having a focal unit Ab∼ with the other
molecule containing a core unit. It will cause a broader
molecular weight distribution. After stopping the addi-

tion of AB*, the growth of weight-average DP of HBPs
will be retarded as shown in Figure 6.

Furthermore, the final PDI changed with the feed
rate, φ, and core/monomer ratio, λ, are summarized in
Figure 7. For the systems with λ ) 0.001-0.1, the final
PDI can be attained below 1.5 by a slow addition, φ <
1. In contrary, while the AB* monomers fed at quick
rate, the system with a lower content of the C3* cores
results in a broader molecular weight distribution. This
result is similar to the AB2 reacted with C3 cores
discussed before.23 In the case of high value of λ, there
are a large number of molecules with a core unit formed
at early stage; thus, the growth of polymers will be
dominated by the reaction of the molecule containing a
core unit with A*B monomers, and the MWD of the
HBPs becomes narrower.

The degree of branching, DB, is a very important
structural parameter in characterizing the hyper-

Figure 3. Dependence of the polydispersity on degree of
polymerization at various feed rates (λ ) 0.001).

Figure 4. Changes of the number of focal units during
polymerization at various feed rates (λ ) 0.01).

Figure 5. Changes of the number of dendritic units c3 during
polymerization at various feed rates (λ ) 0.01).

Figure 6. Weight-average degree of polymerization profile
changed with the feed rate (λ ) 0.01).
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branched polymers.29 Holter and Frey30 suggested a
modified degree of branching, DB(HF). It is based on
the actual number over the maximum possible number
of dendritic units:

where ND is the number of dendritic units and NL is
the number of linear units.

The changes of the number of linear and dendritic
units on the degree of polymerization under various feed
rates are shown in Figure 8. The quick addition of AB*
monomers, φ ) 1000, the NL is far larger than the ND

during polymerization. It causes a lower degree of
branching of the HBPs. On the contrary, at a low feed
rate, φ ) 0.1, the ND is very close to the NL, and the
dendritic number also increases; thus, the degree of
branching increases.

Increasing of the content of C3* cores, the number of
the dendritic units G(10), c3, rises, but it is not sufficient
to compensate for the reduction of unit G(6), ab;
therefore, the DB(HF) fall as C3* cores increases. The
dependences of the degree of branching, DB(HF), on the
feed rate, φ, and core/monomer ratio, λ, are plotted in
Figure 9. For a low content of C3* cores, for example at
λ ) 0.001, and the parameter of feed rate φ is lower than
10, a high DB(HF), about 0.66, can be achieved. How-
ever, the DB(HF) of polymers decreases quickly to about
0.48 at φ ) 1000, which is very close to that of batch
system, 0.46.

Conclusion

The generating function method have been applied
to the self-condensing vinyl polymerization of multi-
functional C3* cores with AB* monomers added slowly
into the reactor. The final number-average degree of
polymerization can be controlled by the core/monomer
ratio and increases with the added AB* monomers. It
was found that, under slower addition (parameter of
feed rate φ < 2), the polydispersity index can be achieved
below 1.5. A high degree of branching, about 0.66, can
be achieved at φ lower than 10 and a low core/monomer
ratio. For example, the hyperbranched polymers with
high degree of polymerization of 1001, high degree of
branching, DB(HF) ) 0.66, and narrow MWD, PDI )
1.46, can be produced at λ ) 0.001 and φ lower than 2
in a semibatch reactor.

Acknowledgment. We thank the National Science
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under Contract NSC-93-2120-M-002-011.

Figure 7. Dependence of the final PDI on feed rate, φ, and
core/monomer ratio, λ.

Figure 8. Changes of the number of linear and dendritic units
during polymerization at various feed rates at λ ) 0.01, where
[ND] ) ND/N0 and [NL] ) NL/N0.

DB(HF) ) 2ND
2ND + NL

)

G(6) + G(10)
G(6) + G(10) + 0.5[G(4) + G(5) + G(9)]

(13)

Figure 9. Dependence of the final DB(HF) on feed rate and
core/monomer ratio λ.
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Appendix. Kinetic Schemes of the SCVP
The reactions of SCVP between various structural

units (not functional groups or molecules) can be sum-
marized as following 16 kinetic schemes:

or

in which

Furthermore, an example of the reaction between two
isomers is shown as follows:

then
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